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Abstract 

The path integral approach to representing braid group is generahzed for particles with 
^ \ spin. Introducing the notion of charged winding number in the super-plane, we repre- 

^ ' sent the braid group generators as homotopically constrained Feynman kernels. In this 

framework, super Knizhnik-Zamolodchikov operators appear naturally in the Hamilto- 
nian, suggesting the possibility of spinning nonabelian anyons. We then apply our formu- 
lation to the study of fractional quantum Hall effect (FQHE). A systematic discussion of 
the ground states and their quasi-hole excitations is given. We obtain Laughlin, Halperin 
and Moore-Read states as exact ground state solutions to the respective Hamiltonians 
associated to the braid group representations. The energy gap of the quasi-excitation is 
also obtainable from this approach. 
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1. Introduction 



The fractional quantum Hall effect (FQHE) is a collective phenomenon of elec- 
trons living in an effectively 2-dimensional plane. Under suitable conditions, the Hall 
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conductivity is "quantized" as ^ f^, i.e. plateaux pegged at these values for some integers 
p and q are observable along the axis of the strength B of the external magnetic field. 
This macroscopic quantum behaviour has been successfully captured by Laughlin's theory 
when p = 1 and q is an odd number 0]. Essentially, the ground states are that of an 
incompressible quantum liquid. The particle-like excitations, called quasi-particles and 
quasi-holes respectively, are some gap away from the ground state in the spectrum. They 
do not contribute to the transport coefficients because of localization effect. What is more 
interesting is that they are fractionally charged anyons. The reason why the filling frac- 
tions have odd denominators is that the many-body ground states proposed by Laughlin 
must pick up a minus sign whenever any two electrons swap positions; afterall, electrons 
are fermions. These Laughlin states constitute the corner stones of the theory of FQHE. 
All the key ingredients such as the existence of a finite energy gap, and the fractional 
statistics of quasi-excitations follow from the ansatz. 

Nevertheless, nature vouchsafes more pleasant surprises. FQHE with even-denominator 
filling fractions was discovered |@@]. If not for this discovery, Laughlin's theory would 
have been more or less adequate^. To account for these even filling fractions, spin- 
unpolarized states have been proposed Despite some disagreements, the consensus 
is that the electron's spin, which is totally frozen out in Laughlin's picture plays a role 
in the occurrence of even-denominator states. Experimental evidence of an unpolarized 
state even for odd denominator filling fraction makes it all the more imperative to 
scrutinize the role of spin in FQHE. 

With this in mind, we propose here a microscopic A^-body Hamiltonian obtained from 
the path integral representation of the braid group [0. When this Hamiltonian is mini- 
mally coupled to the background gauge potential of the uniform external magnetic field 
in the symmetric gauge, one finds that Laughlin states are exact ground states. This was 
done for electrons carrying the representation of U{1) 0. Furthermore, since our formu- 
lation is a non-abelian generalization of Y. S. Wu's [^, it is possible to proceed directly 
to consider the case where the representation carried by the electrons is SU{2) x U{1)] 
presumably, spin may be regarded as isospin in the non- relativist ic regime Thus, we 
obtain Halperin state as exact ground state solution. We also extend our previous works 

* Additional ideas, though, are needed to account for those plateaux with p =/= I. At any rate, it is not 
unfair to say that they all build upon the conceptual foundation of Laughlin's theory. 
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by switching on the spin degree of freedom in an ahernative fashion. Using Grassmannian 
variables to formulate spin as dynamical variable, we study the path integral of free spin- 
ning particles on a super-plane. In this manner, we obtain non-trivial results generalizing 
the spinless case. With this approach, we get a wavefunction which is the exact ground 
state of the spinning Hamiltonian in the external magnetic field. It turns out to be the 
same as the one constructed by Moore and Read which is a product of some conformal 
blocks of the Ising model and rational torus [|1T|. From these analyses, we conclude that 
(super-) Knizhnik-Zamolodchikov operator minimally coupled to the background gauge 
field is the microscopic ground state equation of FQHE. 

In section 2, we review the basic ideas leading to the path integral representation of 
braid group. After proposing the quantization procedure for the spinning quantum me- 
chanics, we proceed to construct an analogous representation with the path integral of free 
particles with spin in section 3. We then consider the link between braid group statistics 
and FQHE. The ground state equations are solved for polarized FQHE states, followed 
by the spinning states in section 4. Since the key issue of FQHE is its incompressibility, 
we feature the topological origin of the quasi-excitations in section 5 and suggest how 
the energy gap may be obtained from this perspective. In particular, a novel formula to 
calculate the ratio of the energy gaps of Laughlin states is presented. In section 6, we 
see how Halperin's state is obtained as the exact solution of the ground state equation of 
spin singlets. In section 7, we discuss the connection with WZW models and the crucial 
role played by the external magnetic field. The main results are summarized in the last 
section. 



2. Path Integral Representation 

Artin's braid group Bn is intrinsically a 3-dimensional object which comprises of 
ambient isotopic classes of curves in R^. An intuitive representation of the elements of 
the group is to use a number of threads and weave them. Given A^ threads, the elements 

of can be constructed from A^ — 1 basic weaves cTj,i = l, A^ — 1. Here cxj is used 

to denote a pattern in Figure 1, where the i-th thread crosses over the i + 1-th thread. It 
is worth remarking that the pictorial representation of ai is faithful and irreducible. 

These braid group generators satisfy the following algebraic relations: 

aiaj = ajai, \i - j\ > 2, (2.1) 
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to 



1 2 i i+1 N 



Fig. 1: The action of cjj. 

(Ticrj+i(Tj = o-j+iCTiai+i, i = 1, ■ ■ ■ ,n - 2. (2.2) 

The word cTjCTj, for instance, has been represented as putting one diagram on top of the 
other as shown in the left-hand side of Figure 2. The meanings of (|2.1|) and ( |2.2| ) are 
exphcit from the weave patterns depicted in Figure 2 and Figure 3 respectively. When 
stacking the diagrams, one has to exchange the labels to ensure that the glued world lines 
carry the same representations throughout. This is implicitly carried out in the figures. 




+ + 1 i i + 1 j j + ^ 

Fig. 2: fjjCTj = (jj(Tj. 

The basic idea of the path integral representation is to see the threads as non- 
relativistic world lines of point particles. In this light, the path parametrized by time t 
of z-th particle in the 2-dimensional plane is conceivable. By definition, the number of 
threads is a constant of motion; at all times, no two threads can fuse together and 
become one. In the language of the configuration space Mjv of particles, it means 
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Fig. 3: Graphical representation of (jjcrj+icjj = fJj+iCJjCJj+i. 

that the topology is multiply connected. Each particle sees the rest as punctures. As 
opposed to higher dimensions, the fundamental group of the configuration space ni{M]y) 
is an infinite non-abelian group, by virtue of which particles that are neither bosons nor 
fermions are theoretically allowed. It turns out that 7ri(M7v) is isomorphic to the pure 
braid group if all the particles do not carry the same representation, and 7ri(MAr) = Bn 
if they do. 

Because the configuration space is multiply connected, the paths are homotopically 
classified and those of different classes cannot be smoothly deformed from one to the 
other. When one considers the Feynman kernel for a particle to move from point Za{o) 
at time to to point Za{i) at time ti, one has to organize the paths according to their 
homotopical classes. Now, the homotopy class of a path in is determined by the 
winding numbers with respect to the punctures. The number of times a path goes around 
a puncture is well-defined and non-trivial only when the path is in 2-dimensional space. 
It is this peculiarity of the spatial dimension being two that gives rise to the possibility 
of anyonic statistics. 

Earlier, we have generalized these ideas to particles carrying representations of a non- 
abelian group H^. We shall briefly review the work here. To construct a non-abelian 
representation of the braid group, we introduce the notion of charged winding number w 
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for a path: 

w = ^ f -^T, ® n. (2.3) 

Im Jc Za — Zb 

Here, and are the representations carried by the particles. In this manner, the 
threads are more than merely worldlines; they have become Wilson lines. The charged 
winding angle G can now be defined as: 

e = sign(c) |e,(i) - e„,(o)| + 2™. (2.4) 

We choose the convention that a path going counterclockwise about the puncture Zb has 
positive sign, namely sign(C) = 1, and denote 'd = sign(C) \Qa{i) — 0a(o)|- With this 
convention, for the homotopically equivalent paths corresponding to cTj, which cross over 
from the left, the change in the azimuthal angle i) is non-negative. 

The constrained Feynman kernel of homotopy class / for particle a with mass m can 
be expressed formally as: 

Ki{Zail),h,ZaiO),to) = J ViZait)ViZa{t) BXp t J^^' ^m\Zait)\^dt 5\2tiI Ta®Tb - Q) . (2.5) 

With the path ordering determined by that in the definition of charged winding angle 
( |2.4j) , the matrix- valued Dirac delta function can be represented by the following path- 
ordered Fourier transform: 

5^27^1 Ta®Tb-Q)= 11 — — e-'('=''+^^) Pexp i [{2'Kk{l Ta(»Tb-w) + c.c] . (2.6) 

J J 27r 27r 

This expression is nothing but a functional integral description of the topological proper- 
ties of the configuration space. It is the main ingredient of our representation. Technically, 
the way we formulate the homotopic constraint via (|2.6| ) is quite different from Wu's 
Here, the change of azimuthal angle "i? is fixed by the initial and final positions of particle 
a. Substituting ( p.6|) into the Feynman kernel ( |2.5| ), we obtain the Fourier transform: 



Ki{z,(i^,t„Zaio),to) = JJ e-'^''>^'^'^Ki{z,^,),h,z,^o),to;k,k), (2.7) 



where 



Ki{Za(l),ti,Za{0),to;k,k) = I ViZa{t)ViZa{t)Fexp i -m\za{t)\ dt 



2 



X exp i (k{ + 27il)Ta ® Tf, + c.c.) dt. 

JU) \ Za — Zb J 

{21 
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Expressions ( p.5|) and (^78|) can be easily generalized to particles at zi, 2:2, ■ ■ ■ , zjy[, 
with Re2;i < Re2;2 < ■ ■ ■ < Rczat. Let particle i make a trip from 2,(0) = -2i(to) = to 
Zi{i) = Zi{ti), Re2;j(i) > Re2;j+i. Denoting the difference in the initial angle and the final 
angle of the paths of particle i with respect to particle j as ^ij, = sign(Ci) — 
9jj(o)|, the constrained Feynman kernel of homotopy class (/i, ■■, k-i, k+i, ■■,ln) for particle 
i carrying representation Tj is 



-^ii(^j(l))^l5^i(0),^0 

dk dk 



2tt 2tt 



exp I -i {k^ij + k^ij)^ KiXzi^i),ti,Zi(^o),to;k,k), (2.9) 



where 

KiXzi(i),ti,Zi(_o),to]k,k) = J Vi^Zi{t)Vi^Zi(t)P exp i ^mi\zi(t)\^ dt 



X exp c.c. dt. 

•I to \ \ Zi Zi J j 

(2.10) 



Given these initial and final conditions, o"j can be represented by the positively oriented 
Feynman kernel of class (0, ■■, Oj, ■■, 0), the i-th is omitted as we do not consider self- 
linking. The self-linking problem does not arise here because Feynman kernels are defined 
for t > only. Writing, 

= T-Al = ^k Y: -f^, (2.11) 

A.. = T:Al={k E (2.12) 

the proposed representation D{ai) is Kiiti, to^'dn, ■■,'dii_i, 'dnj^i, given below: 

/ Vj^ZiV+Zi j j P exp i / ]-mi\dzi\^ + A:,Azi + A-^^dzi 

J J J Zn ZTT JC'i 2 



X 



exp ( -I Y {k^^j + k^ij) ] ' (2-13) 



followed by an exchange operation Ilii+i, 

D{ai) = Ilii+iKi{ti,to]^ii,--,i!}ii-i,^ii+i,--,^iN)- (2.14) 
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Ilj is to make every world line stick to the same representation space it has started with. 
The multiplication rule for braid group generators is realised as the usual multiplication 
of kernels. 

It remains to verify that 

D{a,)D{a,) = D{a,)D{a,), K-j|>2, (2.15) 

D{a,)D{a,^,)D{a,) = D{a,^,)D{a,)D{ai+^), z = 1, ■ ■ ■ , iV - 2. (2.16) 

One can first look at the paths in the plane corresponding to the space-time diagrams of 
Figure 2 and 3. It is obvious that ( |2.16 ) holds; the two paths in the plane are disjoint 



by definition (Figure 4). Similarly, the proof of ( p. 16 ) is readily seen from Figure 5. 



12 i + 1 j + 1 N 

^ " 

to ^ h ti ^ t2 l.h.s of Figure 2 
ti ^ t2 to ^ ti r.h.s of Figure 2 
Fig 4: The paths of particles i and j in the x-y plane. 



Upon careful examination of the overall changes in the azimuthal angles before (to) and 
after (^3), one finds that the two figures give the same results; it does not matter whether 
particle a moves first as in (A) of Figure 5 or particle b in (B) . The expressions in terms 
of Feynman kernels for the proof of ( p.l6| ) were given in . 



Now, the effective Lagrangian of particle i can be readily read from ( |2.13| ). 



L = -uiAzA 
2 ' ' 



(2.17) 



It is amusing that Az^■, A^^, together with Aq^ = may be seen as the components of some 
gauge field in the temporal guage. In fact, A" and A^. satisfy Gauss' law: 



271 '''''' 



N 



a 



dim G, 



(2.18) 



where -F"^- are the components of the field strength. In a sense, this result furnishes 
an interpretation to Witten's Chern-Simons theory fill |13| [l^ : The topological quantum 
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field theory of pure Cliern-Simons action can be embedded in a non-relativistic, quantum 
meclianical system of free particles. To see this, we consider the Schrodinger equation 
associated to the Feynman kernel of particle i: 



4^ = [id.. - ^A^Ji(k^ - ^A^J + (9,^ - - ^. (2.19) 

In the limit mj — > 0, a class of solutions of (|2.19|) consists of those wavefunctions if) 
satisfying 

(9,-aj^= (A + A: |^V = 0, (2.20) 

These are precisely the Knizhnik-Zamolodchikov equations if we set k = k = — 2/(/ + cy), 
where / is the level of the WZW model and cy is the quadratic Casimir of the adjoint 
representation of the group G |l^ . It is interesting to note that the wavefunctions, though 



non-normalizable, are the parallel transport sections of a complex vector bundle over the 
base manifold M^- 

In the context of particle statistics, ( |2.19| ) can be interpreted as the Schrodinger equa- 
tion for "non-Abelian" anyons. When Tj = Tj = 1, i = 1, - ■ ■ ,N, it is the (abelian) 
1-dimensional irreducible representation constructed by Wu Therefore our construc- 
tion is a non-Abelian generalization of the general theory of quantum statistics in two 
dimensions. 



3. Spinning Path Integral Representation 



The braid group representation constructed in the previous section can be general- 
ized for particles with spin. In this section, we first propose a spinning quantization rule 
suitable for such purpose. The little difference with the usual supersymmetric quantum 
mechanics is that the eigen-wavefunction of the spinning Hamiltonian describing the dy- 
namics in the super plane can be found before integrating out the anti-commuting axes 
6, 9. Then, using the definition of a super winding number and its charged version, we 
construct the spinning path integral representation of Artin's braid group. 
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3.1. Spinning Quantum Mechanics^ 

The spin degree of freedom may be described in terms of the Grassmannian variables. 
For a single spinning electron in the world of flat-land, the configuration space is x Gr2- 
The non-relativistic quantum mechanics of a free, spinning particle in the flat-land can 
be formulated as the sum over all possible paths in the super-plane. The real commuting 
variables x and y denote the coordinates of the plane, and 6*, 9 the anti-commuting "axes" 
for the spin degree of freedom. Now, the dynamical variables of the particle in the 
configuration space can be specified by: 

m = z{t)+iel{t), (3.1) 

where z = x + iy,z = x — iy and ^, ^ are the Grassmannian variables for the components 
of the spin degree of freedom in fiat-land. Thus, we regard the dynamical degrees of 
freedom of the particle as a pair of chiral superfields. (Quantum mechanics can be seen 
as 1-dimensional "field" theory, the dimension being time t.) Notice that and have 
even Grassmannian parity. The Lagrangian of a free spinning particle is 

L = l\i\' + liU-m- (3.2) 

In terms of superfields, we have 

L= fSdeC, (3.3) 



where 

£=^(4)(^0) + ^(#-$0). (3.4) 
In the calculation, we have adopted the following convention for the Berezin integral: 

de = f de =0, 



j dee = Jdee = i. (3.5) 



Though the form of the spinning Lagrangian is exactly the same as ( |3.2| ), there is a 
difference between them. The first term in ( p.4| ) is now a product of odd variables and 
the second term is composed of even variables. This is the reverse of ( p.2|) , where z 



*In this subsection, we set all the universal constants ?i = c = e= l,as well as the mass of the particle 
and the magnetic field strength equal to 1. 
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is even and C,, C, odd. The spinning Hamiltonian can be obtained from the Legendre 
transformation, with the canonical momenta V, V, it, W defined and calculated as follows. 

vr^^ = -l0. (3.6) 
d(p 2 

The minus sign of the second expression in (|3.6|) is a property of the chain rule for differ- 
entiating a product of Grassmannian odd variables. The consistency of the formulation 
can be checked by examining whether the spinning Hamiltonian thus obtained reproduces 
the usual Hamiltonian after integrating over 9 and 9. 

n = {9'^)v + (9<j))r + <j)7r + iw - C 

= Imm- (3.7) 

Since 

d9d9n = ^\z\^, (3.8) 

we see that the spinning formulation is correct; in the absence of magnetic field, the 
spin degree of freedom is hidden and the energy spectrum of a free spinning particle is 
determined exclusively by the kinetic energy. Now we introduce the differential operators 
whose Grassmannian parity is odd: 

d -d 

D-=^ + 9-^. (3.9) 

89 dz ^ ' 

The usual quantization rule [g^ , pj] = i6ij for pairs of canonical variables qi,Pi, i = 1,2, - ■ ■ 
takes the following form in the spinning formalism: 

V} = i99 = -i99, 

V} = i99, (3.10) 

where { , } is anticommutator since all the operators entering the bracket in ( p.9|) are odd. 
Using the definitions of 0, and Dz, Dz, it is straightforward to calculate that 

{DzJ(j)} = 99, 
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p_ e<j)} = -ee, 



(3.11) 



Therefore we can represent the coordinates and momenta operators as ^0 — > ^0, 9(f) — > ^0, 
— > —iDzi and — > —iD^- This representation is the spinning analogue of the usual 
Schrodinger representation. 

The spinning eigen-wavefunction ^ of Ti, can be defined with respect to the eigen- 
wavef unction ip oi H as follows. 

= j doden^. (3.12) 

Since if E is the eigenvalue of both H and Ti., i.e. Hip = Eip and 'Wi — E^, we have 

ij= f dOde-^. (3.13) 



As an example of this formalism, let us consider the quantum mechanics of a spin-^ 
particle moving in an external magnetic field which is uniform, constant and perpendicular 
to the plane. The minimally coupled covariant derivatives are 

V = D^ + iOAz , 

V = D^ + ieA^, (3.14) 

where B^^B- denote the components of the gauge field of the magnetic field. In the 
symmetric guage Bz = —if, B-^ = ij, we have 

^ d ^, d z. 
One finds that _ 

an 

{V, V} = --. (3.16) 
So in the Schrodinger representation the spinning Hamiltonian is 

= 2VV+^99 + ^[^,<f>], (3.17) 
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[ , ] being commutator. The quantization rule for 0, before integrating out the Grass- 
mannian axes is the usual one: {0,0} = 69. Representing and as 



a+ee 





1 

1 



a_99 = { \ 99, 

\ 



(3.18) 



we have 



-c -;) 

ing the 2-component Pauli spinor $ in this basis: 



and the Hamiltonian is diagonalized. Denot- 



^ — ^up ( Q j ~^ ^ down I ^ 



(3.19) 



the ground state ^E'o is polarized: \E'o = \ J ^"^^ ground state energy is 

zero. To get an analytic form of \E'„p, one considers the following ground state equation: 



up 



z 
9^ + ^fe + 4^ 



up 



(3.20) 



Notice that the ground state \E'„p is "chiral" with respect to the Grassmannian axes in 
the sense that 



up 



d9X'^ 



up- 



(3.21) 



where X = ^ + | as it should, and hence ipv 



■'up — ^up in this case. One readily finds 
that '^up = satisfies (|3.2CI|) , for -§Q^up = 0, 9(-^ + |) \E'„p = 0. The result agrees 

with the standard supersymmetric quantum mechanics of a particle in the superpotential 



Q = {V2P, + ^W,)a+. 

Q = (v^P-+i=iy-)a_ 
H = QQ + QQ. 



(3.22) 

(3.23) 
(3.24) 



Indeed, our spinning formalism is a variation of the same theme. The only difference 
is that it allows us to find some non-trivial ground states before integrating out the 
Grassmannian will be seen in the case of spinning fractional quantum Hall effect. 
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3.2. Spinning Representation 



With this formulation, one can proceed to generahze the braid group representation 
discussed in section 2. As will be explicit from the wavefunctions to be calculated later 
on in section 5.2, this generalization, though straightforward, is non-trivial because the 
spin degree of freedom is incorporated. 

For a start, let us consider two spinning particles moving freely in a super-plane. The 
winding number for a path going about a point {zq, Oq) in the super-plane is 

^ fdz fde . (3.25) 

Notice that z — zq — 99q is even and 6 — 0o odd. They are respectively the even and odd 



intervals of the superplane. Following [0, denote a point in the superplane as Z, we can 
formally write the super intervals as 

Z — Zq = z — zq — 900 

(Z-Zo)^ = e-Oo, (3.26) 

which can be conveniently expressed in the following way: 

(Z ^^^_/ (^-^o-^^o)^ keZ 

In this notation, the integrand ^_^~^gg^ can be seen as (Z — Zo)~^ , and ( p.25| ) is formally 
2^ / dZ{Z — Zq)~^ which looks more like the expression for the usual winding number 
integral ^ J dz{z — zo)~^. The "reason" for {Z — Zo)~^ instead of {Z — Zo)~^ is that / dZ 
is odd and we need an odd integrand to make the whole integral even. In our setup, it 
may be rewritten as 

^ [d9 m) [ d9 ^ ~ ^° . (3.28) 
2m J J z — zq — 99o 

With time t as the parameter for the path, the spinning analogue of the charged 
winding number is 

dt fd9 f d9 ^ ~ (9<P) T ® To , (3.29) 
2m Jto J J z — Zq — 99q 

and following the same procedure, we arrive at the spinning Lagrangian: 

C = i(4)(^0) + + + ^(00 - $0), (3.30) 
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where, I, I being any real numbers, 



il- 



- Zo 



99a 



(3.31) 



z — zq — 99q 

As before, T and Tq are the respective representations carried by the winding particle 
and its counterpart which appears as a puncture. In the Schrodinger representation, the 
spinning Hamiltonian becomes 

7^ = ^^-^^, (3.32) 



where 



n 



89 dz 



(3.33) 



We can readily write down the Hamiltonian of spinning particles. The zero-energy 
states of the A^-body Hamiltonian can be easily found from the first order equations 
which are the supersymmetric generalization of the ones that appeared in |jl5[ : 



N 



d9i * dzi . . Zi 



9i — 9j 



9i9j 



■ Ti ® Ti 



N 



1^ + ^^!=-^ E ^ 



09, 



0, 



0. 



(3.34) 



These supersymmetric Knizhnik-Zamolodchikov equations have been discussed exten- 
sively in the literature [l^ . They originate from the null vectors of the combined represen- 
tation of Kac-Moody algebra and super Virasoro algebra. In the path integral approach, 
it is explicit that they give the covariant horizontality condition with respect to the fiat 
connection 

9j — 9k 



n 



-I 



N 

k=l,k^j ^3 ~ ~ 9j9k 



Tj dzjd9j, 



(3.35) 



which is the spinning analogue of the Kohno connection of a holomorphic bundle. 
We have therefore constructed a representation of Artin's braid group Sat with Feynman 
kernels of spinning particles. The threads of Bn correspond to the spinning world lines. 
As in the spinless case, the representation space contains the space of correlation functions 
of super WZW theories. We have thus made an explicit link between spinning anyons 
and super WZW model. The factorizable ground states of spinning anyons are given by 



the exact solutions of super Knizhnik-Zamolodchikov equations (|3.34|) . 
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4. Polarized Ground States of FQHE 



The quantum Hall effect ||T9[Q is a rather unusual collective transport phenomenon of 
two-dimensional electron gas. When the external magnetic field is strong, the thermal 
fluctuation is suppressed at low temperature, and the mobility of the charge carriers is high 
etc., the Hall conductance has a staircase dependence on the magnetic field strength. Con- 
comitantly, the longitudinal conductivity is practically zero at the centre of the plateau. 
To understand the peculiarity of the Hall effect at these extreme conditions, it is essential 
to find the many-body ground state of the quantum system. In the case of the integer 
quantum Hall effect, the system is a collection of simple harmonic oscillators. The Landau 
level provides the necessary energy gap that supports the plateaux of Hall conductivities 
at integral multiples of ^. However, for the fractional Quantum Hall effect (FQHE), 
the incompressibility of the liquid is less straightforward. Additional ideas are needed to 
account for the experimental discoveries of FQHE. 



4.1. Laughlin Ground State 

The starting point of a plausible theory of FQHE is Laughlin's ansatz : 

\m) = X{{z,-zureM-^,T.\^^?). (4.1) 



where / = y ^ is the magnetic length, h, c being the usual universal constants, e is the 
charge of the electron and B is the strength of the magnetic field. It is postulated that 
|m) is the ground state of the electrons exhibiting FQHE with fractional filling factor 
^. The reason why m is odd is because \m) describes a system of electrons which have 
fermionic statistics. In [Q, we have proposed a Hamiltonian H ( [4.3| ) for which |m) is the 



exact ground state. The A^-body Hamiltonian contains Kohno connection [|18 



A^^ = imh 2^ — , 

A,, = ^mn E (4.2) 

k=l,k^j 

which reflects the topological properties of the conflguration space as mentioned in section 
2. Let m* be the effective mass of the electron, ,B-z the components of the gauge fleld 



"For a quick review of quantum Hall effect, see appendix B of P0[. 
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of the external magnetic field, the Hamiltonian is 



1 ^ e e 

Ill c c 

i,2 N 

= ^J:{d.,D,^+D,^D^^) , (4.3) 



where 



D., ^ d., + >^^B,, + ^A,, , (4.4) 

Now, since all the particles are indistinguishable, they carry the same representation. 
Thus, for any two particles k, j, we have Tj = Tk and Tj = Tj,j = !,■■■, N. One may 
use hermitian matrices to represent Tj^, a = 1, ■ ■ ■ , dimG. In the symmetric gauge. 



3 ' 





B 


B, 


= —i — z 


^] 


4 ' 




B 


B^ 


- ^J^j' 


m 


= — m, 



(4.6) 



one calculates the commutator of and Dj^: 



eB ^ 

— + 27rm 6^^\z,-Zk)T,0Tk. (4.7) 

2nc ^J^^^. 



The term |^ is related to the zero-point energy of a simple harmonic oscillator, whereas 
the Dirac delta functions arise from the 2-dimensional Green function of the plane: 

ch^^ = -Tx6'^^\z - w) , (4.8) 

d,^^ = -7i5^^\z-w). (4.9) 
z — w 

With LU = we can rewrite (KM as 



0;,2 AT rft^2 

H = —Y.D-.,D^^ + -hu:+—7,mY^ 6^'\z, - z,)T, T,. (4.10) 
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Since this Hamiltonian is derived from the assumption that the underlying configuration 
space is not simply connected, the ground state of H can be obtained by letting Zj ^ Zk 
for all j and k, and then consider the following first order equation for j-th electron: 



eB_ ^ 



(g) Tk 



ipoj = 0. 



(4.11) 



Physical considerations require f) to be holomorphic. As discussed by Laughlin 0, the 
many-body wavefunction comprises only of single-body wavefunctions lying in the lowest 
Landau level. This idealization is valid, in view of the facts that there are only enough 
electrons to fill the lowest Landau level and that the cyclotron energy hu is much greater 
than Coulomb interaction. Overlaps with contributions from higher Landau levels are 
practically negligible. Writing 



1 



ipoj = exp{- — \zj\ )fj{zi, ■■■,zn) 



(4.12) 



equation ( [4.11 ) then becomes 



TV 



zn) = 0. 



(4.13) 



Thus, we see that chiral Knizknik-Zamolodchikov equations are relevant in FQHE. (These 
equations have also been used to explore the possibility of non-abelian Aharanov-Bohm 
effect |2l[].) For Tj = 1, j = 1, ■ ■ ■ A^, the holomorphic function satisfying (|4.13|) is 



fj(zi,- ■■ ,zn) = const Yi {zj-Zk) 

k=l,k^j 



(4.14) 



For m > 0, fj vanishes whenever Zj coincides with any other Zk- In other words, particle 
j is kept apart from the other electrons. This solution is consistent with the repulsive 
delta-function potential I]fc=i,fc^j ^^"^K^j ~^ ^k), because for any j, 



fdz.dzJ E 

\k=l,k^j 



P = o. 



(4.15) 



Though fj is not normalizable, ip^j is, thanks to the factor exp(— ^l^;^^) contributed by 
the strong magnetic field. Solving D^jipoj = for arbitrary j, we find that the solution is 
exactly the Laughlin wavefunction: 



^0 = const. Ylizj - Zk)"'exp{-^Y1 

j<k i 



(4.16) 
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Because ^po is the many-body wavefunction of electrons, m is an odd number. From 
these results, one is able to identify the physical origin of FQHE with filling fractions = 
m: Since the configuration space is multiply-connected, one has to consider the minimal 
coupling of the Kohno connection in addition to the electromagnetic gauge potential. The 
factor nj<fc(-2j ^-2fc)™ bears testimony to the non-simply connected nature of the topology; 
Kohno connection arises as homotopical labels of the paths in terms of charged winding 
numbers 0. 

4.2. Spinning Analogue of the Laughlin State 

While FQHE with odd p stems from the braid group representation associated with the 
non-simply connected configuation space M^, it is of interest to examine if the spinning 
braid group representation associated to particles with spin in the "puncture" phase will 
also yield FQHE. Put differently, when the spin degree of freedom is turned on, we want 
to know if there is an incompressible ground state exhibiting FQHE. For this purpose, we 
consider the Hamiltonian: 

H = j:lde,de,n,, (4.17) 

j 

= ^ (vp, - - g^^B a,Q-Q, . (4.18) 

Each ?ij is the spinning Hamiltonian of particle j. gy^B is the Zeeman energy, g the 
^f-factor and // denotes the magnetic moment of the electron. In the symmetric gauge 
( [4.6|) , the covariant derivatives are 

Now, write D^- = J- + 0^-^, = ^ + we have D^D^ = -DjDj, because Dj 

and Dj are odd differential operators. With this consideration, the Green functions of 
the super-plane are 

D, ( _ _^ j:^ ] = -nS'{z, -zo- 9,9,) , (4.21) 
(^-— i-^^ = +7rS\z, -Zo- 9,9o) . (4.22) 
So in the symmetric gauge ([4.6| ), and when all the particles are identical, the anticommu- 
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tator is 

— eB - 

{Vj,V,} = -—9jej-27rm ^ S^zj - - 9,ek)Tj . (4.23) 

Again, we see that Dirac delta functions appear. They prevent two particles from occu- 
pying the same point at the same instance in the super-plane. The spinning Hamiltonian 
of particle j becomes 

2^2— 1 

+— E S\zj-Zk-e,9k)T,0Tk. (4.24) 

It is implicit in the Hamiltonian that the spin of each electron is aligned either parallel 
(up) or anti-parallel (down) with respect to the external magnetic field. Only the spin 
components normal to the direction of the magnetic field enter as dynamical variables. To 
find the spin-polarized ground state with zero energy, we need to consider \E'„p such that 
for arbitrary j, Vj'^up = 0. In addition, due to the presence of the repulsive interaction 
term of infinitesimal range, "^up must contain a factor which is some positive power of 
{zj — Zk — 0j9k). As before, we write = 1, j = 1, ■ ■ ■ , A^, and 

J^j = const. (-l)-'-i n i^j -^k- djOkT ■ (4-25) 
It is easy to show that 

^7 = j ddi---dd,-ide,+r---deNe, eM-^T.\^^?)^J (4-26) 
satisfies the ground state equation: 

R \ ^ n . - n, 

^7 = 0. (4.27) 



k 



In particular, it is worth remarking that J^j is the conformal block of the super U{1) 
current algebra: 

D,-m E U, = 0. (4.28) 

k=l,k^j ^k ^j^k j 

Using the many-body analogue of ( |3.12| ), ( p.l3| ), namely 



Ei)l^ = Y.{j de^dOjUj^Y^ , (4.29) 
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we have 



ipQ^ = A^const. 



N 

n n (^i - 

j=l l<j<k<N 



1 

"4^ 



E 



(4.30) 



Now, since 6'| 



for all j, we see that 



n - - ^j^k) 

i<j<k<N 



n 

^<j<k<N 



61 A; 



^1 ^fc , 



n 



Zk) 




1 — m- 



(4.31) 



In the expansion of ([4.31|) , the terms that do not vanish under the operation jY{^^id9j 
must contain H^Li ^cr(j)- This is possible only if is an even number. In this case, 



d9i- 



■d9N n 

^<j<k<N 



1 — m- 



9.9. 



j^k 



m 



N 



Zj Zk , 



2f(f! 



= m^Pf 



(4.32) 



Here a runs over permutations of the N indices, (— l)'^ is the parity of the permutation. 
The expression Pf(Mjfc) is called the Pfaffian of an antisymmetric N x N matrix M with 
entries Mj^. Now, iIjq^{zi, ■ ■ ■ , z^) is the physical wavefunction describing an ensemble 
of electrons. Any interchange of arbitrary pair of coordinates must result in a negative 
sign as Pauli principle says. Consequently, m must be an even number since Pfaffian is 
antisymmetric. We remark that ( [4.3UD is exactly the same as the Moore-Read ansatz for 
spin polarized FQHE states at even denominator filling fractions. 

In this manner, we have unveiled the physical origin of the Laughlin states Q and the 
Moore- Read states. The non-trivial topology of the configuration space of A^ electrons in 
the "puncture" phase is manifested in the Hamiltonians ( |4.1CI| ) and ( |4.18| ). Respectively, 
they yield the Laughlin state and the Moore-Read state as exact non-degenerate ground 
state solutions. 



5. Topological Excitations^ 

*Throughout the paper, we only mention quasi-hole excitation. The quasi-particle is taken to be the 
particle-hole conjugate of the quasi-hole. 
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One of the necessary conditions for a many-body ground state to display FQHE is 
that its quantum excitations are massive. Among other things, it behooves the system 
to be non-degenerate across a sufficiently finite range of variation in the background 
magnetic field strength. In other words, the collection of electrons in the "puncture" phase 
must be capable of buffering a certain amount of excess or deficiency in the quantum 
flux tubes in the form of excited states in the energy spectrum. The crucial point is 
that these excited states must lie within the large gap of hu between two neighbouring 
Landau levels, if FQHE plateaux are to take shape. The existence of such a substratum 
structure superimposed over the Landau levels of a collection of oscillators is a key to the 
understanding of FQHE. 

In [0, Laughlin gave an ansatz of the wavefunction which is a 1-quasi-hole excitation 



of the ground state \m) (KT 



N 

ipmiw; zi, ■ ■ ■ , zn) = Y[izj -w)\m) , (5.1) 

where w is the position of the quasi-hole. The existence of the quasi-hole excitation is 
demonstrated in the gedanken experiment. An infinitesimally thin solenoid is pierced 
through the ground state \m) at position w. Adiabatically, a fiux quantum ^ is added; 
\m) evolves in such a way that it remains an eigenstate of the changing Hamiltonian. 
After the fiux tube is completely installed, the resulting Hamiltonian is related to the 
initial one by a (singular) gauge transformation. To get back to the original Hamiltonian, 
the fiux tube is gauged away, leaving behind an excited state 4'rn{w; zi, - ■ ■ , z^). This idea 
is strongly reminiscent of the Aharanov-Bohm effect. 

The interesting and strange feature of FQHE is that the charge qt of the quasi-hole is 
fractional. The exact value can be determined via the plasma analogy. The square of the 
wavefunction iprn can be interpreted as a probability distribution function of a plasma: 

\i;m{w;zu---,ZN)\' = (5.2) 

where j3 = m plays the role of inverse temperature, and the Gibbs energy E{w; zi, - ■ ■ , zn) 
is given by 

E[w]Zi,---,zn) = -'^Y.^og\zj - Zk\ + ^^Y.l^jl'^ 

j<k j 

2 ^ 



22 



This is the total energy of a gas of classical particles each carrying charge q = 1 plus a 
particle of charge Qh = ^ which repel each other through the 2-dimensional "Coulomb" 
potential — 2X]j<fclogki ~ Zk\ iu a uniform neutralizing background charge of density 
Po = 27rmf2 • is clear that the first two terms in ( |5.3| ) are contributed by the ground state 
|m). The charge q being 1 is related to the fact that representation Tj = 1 is chosen for 
each electron. 

Motivated by this physical picture, we can carry the plasma analogy further and 
consider the same Hamiltonian ( [4.3|) for the 1-quasi-hole excitation but with a gauge 
transformed A^.,Az.: 



A. 



N 



imh ^ 



N 



—imh ^ 



+ 



k=l,k^j ^k Zj W ^ 



+ 



k=l,k^j ^k Zj w ^ 



(5.4) 



It can be easily verified that ipm satisfy the ground state equations, j = 1, ■ ■ ■ , A^: 




(5.5) 



Remember that A^^ , A-z^ comes from the c/iar^'ed winding number constraint of the paths of 
particle j in the multiply-connected configuration space. Attaching an additional solenoid 
on |m) therefore results in a new configuration space. In other words, electron j sees the 
quasi- hole as a puncture as well, but this time with charge Qh = The excitation is 
topological in nature. When a quasi-hole develops, the configuration space is topologically 
changed. It is no longer M^, but Mat+i. 

So far, we are only concerned with one quasi-hole excitation at w. What about 
the wavefunctions of two or more quasi- holes? As discussed by Halperin p2|, these 
multi-excitation states should be an analytic function of the coordinates of the electrons 
zi, - ■ ■ , zn, and of the quasi- holes wi, ■ ■ ■ ,wn^, up to exponential factors. The analytic 
condition is to require that even the excitation wavefunctions should only come from the 
lowest Landau level. The Halperin ansatz is 



Y[ (wj - Wfc)" exp( 

l<j<k<Nh 



Aral 



2 ^ 



)\[{w, - z,)\m) . (5.6) 



If we write 



m 



n 



1 



Wk)"' exp( 



l<j<k<Nh 



\Wi 



(5.7) 
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which is of the same form as Laughhn's ground state |m), we find that 



ipm = \^)\m)Y[{wj - Zk) . (5. 



m 



Written in this form, the physical content of a collection of quasi-holes |^) is explicit: 
they are just "electrons" of (representation) charge Qh = ^ each in the "puncture" phase! 
The quasi-holes are also under the influence of the external magnetic field, for the expo- 
nential factor exp(— Y.i I'^^jP) is required to make the wavefunction well defined under 
normalization. The Hamiltonian for two species of electrons labelled by g = 1 and qh = ^ 
is 

m* ^ ^ ^ 2 m* ^ , r-f, . 

+— E dwid^^ + ^huh + —n— V E '^^^^ (^i ~ ^k) 

/I 1 \ N 

+2n\(^ + ±-)^^6^^\w,-z,). (5.9) 

\ III lll'h'' j 

where 

. eB_ A 1 ^ i 

D,^ = d,^ + —Zj - m 2^ —- m 2^ — 

^'^^ k=l,kj^j % k=l 

J- X J- ^ J- 

with similar expressions for D-z. and d-^j^ We have denoted the "mass" of a quasi-hole as 
ruhj and uj^ = ±^ is the angular frequency of the cyclotron motion of the quasi-holes. 

It is readily shown that ipm{wi, ■ ■ ■ , wat^ ; Zi, - ■ ■ , zj\f) is the exact ground state solution 
of H (|5l9| ). If these many-quasi-hole wavefunctions describe real physics as Halperin 
suggested, so does H. Furthermore, the path integral representation approach which 
reveals the relevance and meaning of the Kohno connection allows one to see explicitly 
that quasi-holes behave as if they were spinless particles of charge in the "puncture" 
phase. The picture which emerges from H (|5.9| ) may be captured in Figure 6. Our results 
show that the topological excitation also has a Landau level structure for its spectrum. 
The FQHE ground state thus comprises of two species of "punctures" , namely, electrons 
and quasi-holes. The ground state energy of the quasi-hole is the energy gap responsible 
for the incompressibility of the FQHE liquid. 
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n 

Fig 6: The energy spectrum of FQHE. n is the 
partially filled Landau level of electrons, m la- 
bels the Landau level of quasi-holes. 

In order to support this interpretation, one has to have an answer to the pressing 
question: What is the mass rrih of the quasi-hole ? 

As we learn in nuclear physics, the binding energy of nucleons can be equated with 
6m if 6m is the mass difference between a nucleus and the total of its fission moities. 
It is tempting to apply this popularly known 6E = 6m formula to FQHE as well: 

6E = TiuJh = mfiC^- (5-11) 

The mass of the electron me in the crystal lattice is not its rest mass in the vacuum but 
gets modified to m* = xm^ where x is a dimensionless number. By the same token, since 
the quasi-hole excitation is treated as if it is some spinless electron with fractional charge, 
mh must also be modified to m*^ = ymh for some empirical factor y. Then, we find that 
the energy gap of the quasi-hole excitation is 



6E = yCVB, (5.12) 



with C = ^-^hc. It is interesting to note that this interpretation also leads to a square 
root dependence of the energy gap 6E on B. The proportional constant C is determined 
solely by the absolute value of the fractional charge ^ and the universal constants. 

Except for the thresholdf| the ^/B dependence is quite in line with experiments 



[0. Of course, the many-body quantum mechanics we have here is oversimplified in 
the sense that the imperfections of the GaAs-AlGaAs heterostructure, the thickness of 
the heterojunction, the mixing of higher Landau levels etc are neglected. Nevertheless 
t A possible origin of threshold is discussed in section 7.2. 
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the main characteristics of FQHE such as the quantum statistics, the exact value of the 
fractional charge are sufficiently robust even in the presence of those complications and 
the plausibility of a simple Hamiltonian like ( |5.9|) is warranted. 



One of the implications of expression ( p.l2D is that the ratio of the energy gaps of 
^a = and Vb = FQHE is given by 



"16 



ImbBa 
rua Bb 



(5.13) 



where rria and rrib are both odd numbers and Ba and Bb are the magnetic field strengths 
at the centres of the respective FQHE plateaux. 

In an analogous fashion, we can also study the quasi-hole excitation of the Moore- Read 
state. The spinning analogue of ( |5.9| ) is 



TV 



2n' 



2r 



-Tvm 



^2h^ 1 2h^ 1 

+ ^w.^wj + T^^i^hVjVj - ShfJ'hB cr3r]jr]j H vr— ^ ^^^H^j - Wk - VjVk) 



1 



N 



where , A^, are the Grassmannian odd covariant derivatives: 



(5.14) 



d / d eB_\ ^ 



6j — 6k 



Nh 1 



k='Ck^j ^3 - Zk- OjOk Zj -Wk- OjTIk 



i^Um-vk) Urn -Ok) 



60 j \dwj ATic J ^J[^_^j Wj - Wk - VjVk t^i^^j - - Vj^k 



m 



E 



(5.15) 



The many-quasi-hole wavefunction that is the ground state solution of H ( [5. 141 ) is 

N N,, 



{N + iV;,)const. J n de, n dVj U {z, - Zk - o.ekT R ( 

j=l j=l j<k j<k 



X 



Y[{wj -Zk- Vjdk) exp(-^ 



i,k 



Amp 
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= {N + Nh)m''-''^ const. J] i^, ' ^kT H (^j' ' ^k)^ Vi^w, - z^) 

j<k j<k j ,k 

xe^p(-^Ek^l'-4;^EKl') PHM^J) (5.16) 

where Mij = Ui being the combined set of Zi, i = 1, N and Wi, i = 1, ■ ■ ■ , Nh. 

We emphasize that both and Nh must be even numbers. Therefore in the spinning 
case, the quasi-hole excitations are paired. 



6. FQHE Ground State of Spin Singlets 

So far, we are only concerned with spin-polarized ground states, i. e. all the spins align 
themselves parallel to the magnetic field normal to the plane. In view of the large Zeeman 
energy when the magnetic field is strong, it is justifiable to assume that the spins are fully 
polarized. 

However, experimental data reveal that partially polarized FQHE ground states also 
exist. In particular, FQHE at a shared filling factor of | was observed to transit from a 
spin-unpolarized state to a polarized one when the specimen was tilted with respect to 
the magnetic field 0. This experimental result is quite in line with Halperin's original 
suggestion [E^]: The (^-factor of GaAs is rather small; hence, when the magnetic field is 



not too strong, spin unpolarized states should be viable. In this scenario, Zeeman energy 
cost gfiB is low enough for some spins to get reversed. 

To accommodate the spin degree of freedom parallel or anti-parallel to the external 
field, it is useful to consider the Hamiltonian (O), or equivalently (|4.1CI|) , with each Tj 



carrying the representation of U{2) which is isomorphic to SU{2) x U{1). As discussed 
earlier, we ignore the Zeeman energy which is of the same order of magnitude as the static 
Coulomb energy at characteristic length (magnetic length / ); for the time being, we just 
want to study the topological "interaction" . Intuitively, it is not hard to realize that such 
Hamiltonian corresponds to the situation where each electron carries a spin-| (highest 
weight) representation of SU{2) and a U{1) charge. In the "puncture" phase, when one 
electron moves around the other, a non-abelian charged winding number ( p.3|) furnishes 
a topological label for the path; not only does an electron see the U{1) charges, it also 
perceives the spins on other electrons. 

In the non-abelian analogue, the ground state solution of such Hamiltonian is found 
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by solving the equation for all particles j: 



N ^ 

-charge X/ _ 
k=l,k^j 



(6.1) 



From the physical viewpoint, the fundamental weights of the representations have to be 
chosen in such a way that the resulting wavefunction is a singlet. This is the non-abelian 
analogue of the neutrality condition in the Coulomb gas picture of 2-dimensional conformal 
field theory. Using the Fierz identity for the Hermitian generators T", a = 1, ■ ■ ■ , — 1 
in the fundamental representation of SU{n), 



n 



(6.2) 



the ground state equation becomes 

n + 1 



. ' Ahc ^ 



"Spin 



2n 



JV 
2 



s - 



k=l,k^j Zj^ 



JV 

- 1 2 



k=l 



z- - Zl 



or 



JV 
2 



JV 
2 



1 ^ 1 

^charge ^ ^ j" ^charge ^ ^ ^ 



JV 

.2 1 - 



Z- - Zi 



n' - 1 



E 



^=1 ^k 

n + l 



^0 



,-0, 



2n t^^z]-zi 



- spm 



2n 



JV 
2 

E 



k=l,kj^j 



-2; — 



(6.3) 



-charge 



JV 
2 

E 



fc=i 



j I '-charge 



Z*, — Z 



JV 
2 

E 



1 



fc=i 



Z*: — Z 



^0, 



(6.4) 



Now, if we let 



^ with k = 1, the spin portion of ( |6.3| ) and ( |6.4| ) can be 



-spin n+k 

identified with the bosonization of free fermions carrying the representation of SU{n). 
With this choice and icharge = ? + I? the contribution of spin as SU{2) in FQHE ground 
state combines with the U{1) winding number label as follows. 



JV 
2 



—- -(P -\ \- ^ 

~'~ A-k^^i [.'-charge + r, J 



^"'^ ^ k = l,kjtj — Z^ 



JV 

1 ^ 

~ {^charge ~ q) E 



^ fc = l Zj — Z,. 



^o, = 0, (6.5) 



and a corresponding expression for (|6 
state ||22| given by 



Setting icharge = ^ + |, we find that Halperin 



'4^mmn{z[, " " " , Z^at ; zj, • • ■ , z\^) 
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j<k 



zlYizl 
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X exp 



JV 

1 2 



V 



4/ 



,Ei4p+i4n (6.6) 



turns out to be the exact ground state solution with p constrained as p = g + 1. It is 
interesting to mention that the same constraint is discussed by Girvin using the Fock 



cychc condition in the appendix of reference [0. Also, the Halperin state has been 
constructed a priori in terms of the conformal block of = 1 SU (2) WZW theory and 



that of the rational torus at level 2q + 1 |jTl|. We have shown that, starting from an 
appropriate Hamiltonian which describes a system of electrons in the "puncture" phase, 
there is no mystery why a conformal field theory with SU{2)i^^^ symmetry can be used 
to produce the wavefunction of a non-relativistic phenomenon. 

Similar to what happened to the Laughlin's state, the zero-range delta potential re- 
quires q to be positive. The filling fraction of Halperin state is with q an even number 
since electrons are fermions. It is likely that the unpolarized FQHE state with filling frac- 
tion 1 + 1 observed in the real world |^ is the particle-hole conjugate of Halperin state 
with q = 2. Following the same line of thought of the previous section, the quasi- hole 
excitation of the Halperin state can be ascertained to be characterized by a fractional 
(representation) charge of and spin ^. 



7. Discussions 



7.1. Connection with WZW models 

From the quantum mechanics of a system of particles in the collective "puncture" 
phase, the zero-energy equations of ( p^.l9D , namely ( |2.2CID and ( |2.21D determine the fac- 



torizable A^-body wavef unctions. In this special case, the outcome is the same as the 
3-dimensional Chern-Simons guage theory fl^ll^. With a suitable value chosen for k, 



solving the equation (|2.2CI|) gives as the conformal blocks of the WZW theory. The quan- 



tum mechanics of A^ punctures give yet another 3-dimensional description of 2-dimensional 
conformal field theories. However, unlike the previous correspondence of Chern-Simons 
theory with the chiral moiety of the WZW theory, has to satisfy ( |2.21| ) as well. In 



addition, since a quantum mechanical wavefunction must be invariant with respect to 
monodromy, ip may be identified with the correlation function of a WZW theory. Analo- 
gously, the spinning version of the path integral representation of the braid group admits 
the space of the correlation functions of a super WZW theory as the representation space. 
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In the representation theory of current algebra, Knizknik-Zamolodchikov equations 
originate from the existence of null vectors of the combined conformal and Kac-Moody 



algebras |]15| . Though these first-order differential equations are not sufficient to determine 
the operator content of a WZW theory, they nevertheless provide a way to calculate the 
iV-point function of the fields corresponding to the integrable representation of the theory 
M], The correlation function of a non- integrable field with any other fields vanishes. 



indicative of a selection rule in the theory. It follows that the Knizknik-Zamolodchikov 
equations supplemented with a set of algebraic equations yield a solution space which is 
identical to the Hilbert space of the WZW theory HI • 

Now, when the group manifold G is U{1), WZW theory reduces to a boson com- 
pactified on a circle. In this case, the conformal field theory is a representation of a 
chiral algebra called rational torus or U{1) current algebra. The null vectors of the purely 
Kac-Moody algebra do not tell much story except that the correlation functions must be 
singlets. Therefore, for U{1) charges, Knizknik-Zamolodchikov equations are sufficient to 
determine the operator content of the corresponding WZW theory with central charge 
c= 1. 

Because of this connection, we can understand why it is possible to use the conformal 
blocks of rational torus []TT| or the vertex operators of string theory to construct the 
Laughlin wavefunctions. In our approach, the Knizknik-Zamolodchikov equations are the 
ground state equations of the Hamiltonian ( p.l9|) and they provide a microscopic descrip- 
tion of the "puncture" phase. Solving these equations with a set of physical considerations 
is tantamount to finding the conformal blocks of a WZW theory. 

For the spinning case, when G = U{1), one also has the same correspondence with 
the = 1 super WZW theory up to a boundary condition for the fermionic components 
of the superfields. Depending on the boundary condition, one can have either the Neveu- 
Schwarz sector or the Ramond sector. These possibilities follow from the fact that spinors 
can be double-valued on the local coordinate patches of the 2-dimensional manifold. It 
is known that even at the quantum level, super WZW theory is equivalent to the direct 
sum of a bosonic WZW theory and a system of free Majorana fermions in the adjoint 



representation of the gauge group |T^; the spectrum of supersymmetric WZW is just the 
bosonic WZW plus a number of free fermions. Consequently, it is possible to interpret 
the solutions of super Knizknik-Zamolodchikov equations as the spinning non-abelian 
analogues of the Laughlin wavefunctions. In particular, super U{1) WZW with central 
charge c = | comprises of a compactifed boson and a free Majorana fermion, alias Ising 
model at criticality. In this light, the significance of the correlator of Ising model's energy 
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operators in FQHE becomes transparent. It ties up neatly with the spinning braid 
group representation approach presented in section 4.2 where the microscopic origin of 
the Moore- Read state was made manifest. 



7.2. FQHE IS A MANIFESTATION OF THE "PUNCTURE" PHASE 

Our path integral representation may leave an impression that the many-body system 
in two dimensions is necessarily in the strongly correlated phase. The derivative ^ = 
^ — iAz, = is related to ci^ = ^ — kY,f by a singular gauge transformation: 

^ + ^ , (7.1) 

where 

^p= -k log [{z -wi)---{z- wn)] , (7.2) 

and k ^ 0. Except at a finite number of isolated points wj, the field strength is still zero 
(see ( |2.18| )); A = (Aq, A^, Az) is still a flat connection of a bundle over R^ — {wi, ■ ■ ■ ,W]y^}. 
Mathematically, it seems that every free particle with a Hamiltonian in the Schrodinger 
representation of the form — ^-§^-§= is gauge equivalent to {dzd^ + dzdz). If arbitrary 
singular gauge transformations are allowed, the supposedly simply-connected configura- 
tion space becomes riddled with punctures Wj and thus arbitrarily multiply-connected. 
Consequently, as section 2 shows, the wavefunction of the free particle belongs to the 
representation space of the braid group. In short, for arbitrary /c, every free particle or 
quasi-particle is always anyonic! 

Certainly this is ostensible. It is not the picture we want to portray. Under ordinary 
circumstances, the statistics of 2-dimensional systems is still fermionic or bosonic. As we 
have discussed in [0] , the strongly correlated wavefunction is a result of the configuration 
space being multiply connected. Physically, this corresponds to the situation where the 
system of particles is in a peculiar type of quantum phase wherein each particle sees the 
others as punctures. Having understood its origin, the next question is: Why do the 
electrons see each other as punctures ? 

In the experimentally verified case of FQHE, plateaux develop only if the quality of 
the samples is good, the temperature is at the vicinity of absolute zero, and the magnetic 
field strength is strong. Then, according to Laughlin's theory, the ground state of 
electrons corresponding to a particular filling fraction is an incompressible fiuid. The 
quasi-excitation at a finite energy gap from the ground state is characterized by fractional 
statistics. When these conditions are not met, the collective effect is absent and the 



31 



statistics of the excitations is just as usual; the Hall conductance is not quantized with 
fractional filling fraction^]. In other words, one does not automatically have anyon (or 
braid group) statistics for the excitations. 

To understand how the configuration space becomes multiply connected, we take the 
illustrative analogy of Aharanov-Bohm effect. When a 2-dimensional cross section is 
taken, the infinitesimally thin solenoid appears as a puncture in the plane. Hence, our 
formulation can be applied to the Aharanov-Bohm effect as well; ( p.lTD is the Lagrangian 
describing the phenomenon. In the case of FQHE, we suspect that the high-frequency 
cyclotron motion is the one that creates the puncture. As is well known, each electron is 
in circular motion in the presence of an uniform external magnetic field perpendicular to 
the plane. When the field strength gets stronger, the radius of the cirular motion becomes 
smaller; the area enclosed by the circular motion vanishes when the magnetic field strength 
is infinitely large. Other electrons cannot stray into it anymore. Thus, the centre of the 
circular motion becomes a puncture. This is exactly the same as Aharanov-Bohm effect 
where the interior of the solenoid is not accessible. In some sense, the cyclotron motion 
with vanishing radius also chimes in with the heuristic procedure of localizing or attaching 
flux tubes onto the electrons. When the radius of the cyclotron motion is not sufficiently 
small, the location of the flux tube does not coincide with that of the electron. The 
flux tube will sit on the electron only if the magnetic fleld is strong enough to diminish 
the radius effectively to zero. Therefore we see that the strong external magnetic fleld is 
indispensable for fractional quantum Hall effect with anyonic excitations f\. 

On a more rigorous note, the physical signiflcance of the external magnetic fleld is re- 
flected in the mathematical requirement that any physical wavefunction must be normal- 
izable. In this aspect, the gauge potential of the magnetic fleld results in an exponential 
damping term which renders the otherwise non-normalizable wavefunction of an anyon 
normalizable. 

Having assigned a bigger role for the external magnetic fleld in FQHE, it is germane 
to speculate on the physical origin of the threshold Bq of incompressible excitation. The 
experimental evidence of i?o > is built upon the result of a systematic study of activation 
energies of the | states on different specimens of comparable mobihty, with p = 1,2,4,5 
[P^ . The data show that the energy gaps vanish below 6 T. We propose that the existence 
of Bq may be understood in the following manner. Since the formation of punctures is 
*0f course, quantum Hall effect with integral filling fractions can still occur. 

'''The crucial role played by the background magnetic field has also been discussed in There, 
no-go theorems forbidding the existence of anyons with any statistics on a torus is circumvented by the 
presence of magnetic field. 
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due to the high-fieqaencj cyclotron motion, there must be a minimum uoq = below 
which the cyclotron motion fails to hem in and excise a small region of the plane from 
being accessible to other electrons effectively. In other words, below ujq, punctures are not 
formed and the configuration space has trivial topology, and therefore no FQHE. From 
this perspective, the integral quantum Hall effect is physically distinct from the FQHE. In 
the former case, each electron as a single particle is very much indifferent to the existence 
of its counterparts in the heterojunction. The FQHE differs fundamentally in that it is 
the manifestation of strongly correlated "puncture" phase. 



8. Summary 

The braid group representation we have constructed is based on the sum over the 
homotopically equivalent paths in the punctured plane. The key element in our con- 
struction is to employ the charged winding numbers to label the homotopy classes. The 
homotopical constraint is then enforced through the path-ordered Fourier integral. Nat- 
urally, information about the non-simply connected configuration space is translated into 
the language of Hamiltonian associated with the path integral. In this way, we explicitly 
show the link between non-abelian anyon statistics and conformal field theory. It is also 
of interest to point out the close relationship between the braid group representation via 



path integal and gauged non-linear Schrodinger equations ||28 . 

In this paper, we propose a quantization procedure suitable for the construction of 
spinning braid group representation. We find that super Knizhnik-Zamolodchikov equa- 
tions are the zero-energy equations of free spinning particles when they see each other 
as punctures on the super plane. In other words, if a system of spinning particles con- 
denses in the "puncture" phase, the many-body ground state will be characterized by the 
super Knizhnik-Zamolodchikov equations. This is analogous to the spinless case which 
we addressed in previous work [j^. In a nutshell, everything boils down to the quantum 
mechanical interpretation of (super) Kohno connection as the topological constraint in 
terms of charged winding numbers. 

We have applied the "puncture" phase aspect of the representation theory to the 
FQHE [Q. Specifically, spin-polarized wavefunctions constructed a priori by Laughlin, 
and Moore and Read in the spinning case have been shown to be the exact ground states 
of the respective Hamiltonians ( [4.3| ) and ( [4.18| ). The repulsive zero-range delta potentials 



in these Hamiltonians are consequent upon the non-simply connected nature of the con- 
figuration space. This feature agrees with the established views as reviewed by Laughlin 
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and Haldane in reference |I9[ where arguments involving numerical studies and pseu- 
dopotential method are presented. In addition, spin-singlet Halperin states describing 
unpolarized FQHE with filling fractions 1 ~ 2,4, ■■■ are also accountable in this 

framework. The common theme of all these FQHE states is none other than the topology 
of the configuration space. 

The phenomenological implications of the braid group approach have also been ex- 
plored. We found that the energy gap of a FQHE state is the zero-point energy of the 
quasi-excitation. Within the interval of two Landau levels of the electrons, sub-levels 
corresponding to the spectral signature of the quasi-excitations exist (Figure 6). Indeed, 
the topological excitations behave very much like electrons in the sense that they also 
execute cyclotron motion under the infiuence of the magnetic field. We have presented 
an experimentally testable formula ( |5.13| ) giving the ratio of the excitation energy gaps 
of two Laughlin ground states \ma), \mb). Finally, the role of the magnetic field in the 
formation of "puncture" phase and hence the occurrence of threshold is emphasized. 
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